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Two dimensional equations of steady motion for third order fluids are
expressed in a special coordinate system generated by the potential flow
corresponding to an inviscid fluid. For the inviscid flow around an ar-
bitrary object, the streamlines are the ¢-coordinates and the velocity
potential lines are t-coordinates which form an orthogonal curviline-
ar set of coordinates. The outcome, boundary layer equations, is then
shown to be independent of the body shape immersed into the flow. As
the first approximation, it is assumed that the second grade terms are
negligible compared to the viscous and third grade terms. The second
grade terms spoil scaling transformation which is the only transforma-
tion leading to similarity solutions for a third grade fluid. By using Lie’s
group methods, infinitesimal generators of boundary layer equations are
calculated. The equations are transformed into an ordinary differential
system. Numerical solutions to the outcoming nonlinear differential equ-
ations are found by using a combination of the Runge-Kutta algorithm
and a shooting technique.
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1. Introduction

As a non-Newtonian fluid model, Rivlin-Ericksen fluids gained much ac-
ceptance from both theorists and experimenters. Special cases of the model,
which is the fluid of the third grade, are extensively used, and a lot of works
have been done on the subject. Several boundary layer equations are derived
for different non-Newtonian models. For the sake of brevity, we mentioned only
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a few examples. Acrivos et al. (1960) and Pakdemirli (1996) derived bounda-
ry layer equations for power-law fluids. For the rate type of fluids, the works
due to Beard and Walters (1964) and Astin et al. (1973) are of significant
importance. The multiple deck boundary layer concept has been applied to
the second and third grade fluids by Pakdemirli (1994). Yiirtisoy and Pakde-
mirli (1999) considered boundary layer equations for third grade fluids over a
stretching sheet in Cartesian coordinates.

We choose a convenient coordinate system first purposed by Kaplun (1954),
which makes the equations independent of the body shape immersed into the
flow. The coordinate system is an orthogonal curvilinear system in which ¢-
coordinates are the streamlines and -coordinates are the velocity potentials
of the inviscid flow past a two-dimensional arbitrary profile. The boundary
layer equations of Newtonian fluids in this coordinate system are given by Ke-
vorkian and Cole (1981). The boundary layer equations of the second-grade
fluids in this coordinate system are derived by Pakdemirli and Suhubi (1992a),
and the general symmetry groups for the equations are calculated using exte-
rior calculus by the same authors (1992b). They showed that second-grade
boundary layer equations accept only scaling transformation, and they presen-
ted a similarity solution corresponding to this transformation. For the fluids
of grade three Pakdemirli (1992) showed that the additional term, due to the
third grade, prevent the applicability of the scaling transformation, hence no
similarity solutions exist.

First of all, in this article, in deriving boundary layer equations we use a
fluid of grade three as a non-Newtonian fluid model. It is shown by Rivlin and
Ericksen (1955) that the stress tensor is given by following relation

T = —pl+ puA; + 1Ay + axA? + B(trA2)A, (1.1)

where p is the pressure, p is the viscosity, a; and «g are the second grade
fluid terms, 3 is the third grade fluid term, and A;, A are the first two
Rivlin-Ericksen tensors given by the relations

L = gradv A =L+L"
(1.2)

A, =A; +AL+LTA;

where v is the velocity vector. Rivlin and Ericksen (1955) showed that making
equation (1.1) compatible with the thermodynamics and minimizing the free
energy when the fluid is at rest, the material constants should satisfy the
relations
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u=0 a; 20
(1.3)

B=0 lon + | < /24p5

The dimensionless form of the equations of motion for a third grade fluid are
(Pakdermirli, 1992)

1
3 grad |q|* + w x ¢ = —gradp + eV3q + &1 (V?w x q) + ¢1 grad (¢ - V3q) +

1
+Z(2€1 + g9) grad |A1 | + (61 + €2) {Al - V2q + 2div (grad q( grad q)T)} +

+e3A; - grad |A; ]2 + e3]A1*Viq
(1.4)

divg =0

where q is the dimensionless velocity vector, V denotes Laplacian, w = curlq
and the dimensionless coefficients are defined as follows

pUL  Re pL? (1.5)
o _BU '
62—@ 63—@

where L and U are some reference length and velocity, respectively, p is the
density, Re is the Reynolds number.

2. Coordinate system

A special coordinate system making the equations independent of the body
shape is chosen (Fig.1). The ¢ coordinate is related to streamlines and the
1) coordinate to velocity potential lines of the inviscid flow past an arbitrary
object.

If we defined a complex function

Fz)=9¢+1¢ (2.1)
we can easily write the well-known formulas

qy = upt + voJ ug — ivg = F'(2)

(2.2)
Uozﬁbz:@by U0:¢y:_¢x
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where g, is the potential velocity field. The pressure follows from Bernoulli’s

equation as
1

p= —541(2) +C (2.3)
where C'is a constant. The metric for the system can be then defined as
dr (d¢)® + (dp)? _ (d9)* + (d)?

To simplify the equations of motion, we introduce new velocity components
as follows

W, =12 W, =L (2.5)
40 4q0
The velocity and gradient operator in this coordinate system are given by
0 0
= W 3 W ) v = P b 26
q = qo(Wyiy + Wyiy) (C]oa¢ QO8¢) (2.6)

In our case the Christoffel symbols are

oQ oQ
o _ o _ o _ v _
Too =Tys =54 Tye =Ty =35
¢ v 2.7)
o _9Q v _ 99
YT 9g 0 O

where @Q = log qp.

3. Boundary layer equations

We have now necessary tools to obtain the boundary layer equations for
a special third grade fluid. As the first approximation, the assume that the
second grade terms are negligible compared to the viscous and third grade
terms. The second grade terms spoil the scaling transformations which is the
only transformation leading to similarity solutions for third grade fluids (see
Pakdemirli, 1992). Equation (1.4); is reduced to that of a third grade fluid if
we take €1 = 9 = 0.

We assume that e3 is proportional to &2

3 = ke? (3.1)

The method of matched asymptotic expansions will be used in the derivation.
We have to construct an inner expansion inside the boundary layer and outer
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expansion outside out it. Letting the perturbation parameter ¢ — 0, we have
to obtain the limit flow which is inviscid and irrotational when

1
Wy=1 W, =0 p=—§q3+c (3.2)

The outer expansion will then consist of the first terms in (3.2) and of correc-
tions due to the boundary layer as follows

We(o,1;6) = 14 B(e)W5 (¢, ¥) +
Wy, 9;€) = B(e)Wi(¢,¥) + ... (3.3)

P, 15e) = —5ak + O+ B(e) P (6,4) +

where ((g) is as yet an unknown coefficient to be determined from matching
with the restriction that f(¢) — 0 as € — 0. The inner expansion variable is
defined by stretching the 1 coordinate

L1
v =55 (3.4)

with d(e) — 0 as € — 0. Then the inner expansion will be
We(o,156) = Wo(6,0%) + 6(e) Wi (6, 9*) +
Wy (,1;€) = 6(2) Wi (¢, ¥%) + 62 (€)W (, 1) + ... (3.5)
p(6,9;€) = P(6,9") + 0(e) P (¢, 4) +

The form above leads to a nontrivial continuity equation, and the inviscid
velocity inside the boundary layer will approach the velocity on the surface as
follows

q0(d,¥) = qB(¢) + O(6(¢)) (3.6)

If we substitute equations (3.4)-(3.6) into equations of motion (1.4) and retain
relatively larger terms in each group, we obtain the equations

oWy oWy ,dQp 1OP ¢ 9*W,
W, + W, + W3 = + = +
“op TV oy dp — ¢% 06 | 6% Y2
& 4, OPWy OWy\2
110P 1
_ 5 %81/) 5(0(63)) (3.7)
Wy | Wy _
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where ¢, the boundary layer thickness, is a small parameter and e is the
perturbation parameter. We eliminate the pressure in equation (3.7); by using
the equation P = —%q%—i—C . Now we can assume that ¢ is of order §2 and k of
order 62. On these assumptions, we finally write the boundary layer equations
for a special third grade fluid and the boundary conditions as follows

Wy Wy _
o0 (3.8)
oW, oW, Qs PW, W,y (OW,y 2
Wi+ Wyt + W3 = D8 = St v okab) 3t (52)
W (9,0) = Wy(9,0) =0 Wy (¢, 00) =1

where Q'3 = ¢i3/qB, k are the third grade fluid coefficients. k = 0 corresponds
to the Newtonian flow. Note that the final equations are valid for arbitrary
profiles because the inviscid surface velocity distribution ¢p appears as an ar-
bitrary function ¢ in the equations. It is therefore much more straightforward
to draw a general conclusion from equations. Lie’s group transformations may
be then useful in investigating particular forms of ¢p so that the partial dif-
ferential equations could be reduced to ordinary differential equations via the
similarity transformation.

Lie’s group theory is applied to the equations. The equations admit a
scaling symmetry. The scaling symmetry is used to transform the system of
partial differential equations into a system of ordinary differential ones. Nu-
merical solutions to the resulting nonlinear ordinary differential equations are
found by using a combination of the Runge-Kutta algorithm and a shooting
technique.

4. Equations determining infinitesimals generators

To find all possible exact solutions to equations (3.8)1,2, we prefer using
the general method of Lie’s group analysis rather than using special group
transformations. Details on the application of Lie’s groups to solutions to
differential equations can be found by Fosdick amd Rajagopal (1980), Bluman
and Kumei (1989).

A one parameter Lie’s group of transformations and the corresponding
generator X is defined as follows
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¢* - ¢ + ggl(gb’ w7 W¢>7 Wl/l)

sz)* = ¢ + 552(¢’¢5 W¢a W¢)

(4.1)
W; = W¢ + 87]1(¢7 w7 W¢>7 Wl/l)
WIZ == W¢ + 6772(¢5 ¢a W¢’ W¢)
0 0 8 0
X=&7o 96 tog s 0 g + G, (4.2)

By carrying out a straightforward and tedious algebra, we obtained the follo-
wing infinitesimals and equations

&1 =&1(9) §2 = c2(9)Y + a9) (4.3)
m = c1(o)We n2 = Wy(ey +a') + Wy(er +ca — §1) .
and "
201_+01 0 A+dy,=0
w : (4.4)
Cl+202_£i:0 462—61—51—451(1—320
qaB

From the above equations, we conclude that either ¢3 = 0 or ¢; = 0. The two
cases will be considered separately.

i) gp = const

Solving equations (4.3) and (4.4), we finally obtain the form of the so-
called infinitesimals

§1=3a9+b §2 = ay) + a9)

(4.5)
m= aW¢ 2 = —GW¢ + W¢O/

These results agree with the ones by Yiiriisoy and Pakdemirli (1999).
11) Cc1 = 0
Solving equations (4.3) and (4.4), we finally obtain the infinitesimals

§1=2a9+b §2 = ay) + a9)

(4.6)
m =20 g = —aWw + W¢a’
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Solving equation (4.4)4, we find that

qB = cv/2a9 +b (4.7)

If we consider case i, the problem can be transformed to the conventional
boundary layer problem, which was discussed by Yiiriisoy and Pakdemirli
(1999). Therefore, it supplies no new information. Only case ii, which is a
scaling transformation, supplies useful information leading to the similarity
solutions.

Imposing the restrictions from the boundaries and from equation (3.8)3 on
the boundary conditions on the infinitesimals, one obtains the following form
of equations (4.6) and (4.7)

§1=2a9+b §2 = ay
m =20 n2 = —aWy (4.8)
g = cv/2ap + b

where cis an arbitrary constant. Only this infinitesimal generator and the form
of ¢p, which is a scaling transformation, supplies useful information leading
to the similarity solutions. Note that ¢p is not a constant but a parabolic
function.

5. Similarity solution

In this section, we will derive the similarity transformations and solutions
using the infinitesimals given in (4.8). First we transform the equations into
a system of ordinary differential one, and solve this system numerically using
the Runge-Kutta method with shooting.

Leaving the details of the procedure, thoroughly described by Fosdick amd
Rajagopal (1980), Bluman and Kumei (1989), we choose only the scaling trans-
formation (a = 1,b = 0). The characteristic equations are

dp dp AW, W,
20 ¢ 0 =W,

The similarity variable, similarity functions and ¢p are

(5.1)

£= 73 Wy = f(§) Wy = N3 qB = /(o) (5.2)
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where 7 = ¢v/2. Substituting equation (5.2) and their derivatives into boun-
dary layer equations (3.8)1 2, we finally obtain

S = 1)+ 207" — €57~ 2"~ 126f" 7 =0

(5.3)
&f' =24 =0
and the boundary conditions take the form
f(0)=g(0)=0 floo) =1 (5-4)

where x = k*y*.

qo=1
i

=0, v P=0,

<Y

Fig. 1. Orthogonal coordinate system (streamlines of inviscid flow are ¢ coordinates,
velocity potential lines are 1 coordinates)

Since the equations are highly nonlinear, a numerical approach towards
the solution would be more appropriate. Although the problem is a boundary
value problem, it is converted to an initial value problem. We assign a trial
value to f’(0), integrate the equations using the Runge-Kutta algorithm and
check whether the boundary condition is satisfied at infinity. We repeat the
procedure until we find an appropriate of value f/(0). Numerical results for
various non-Newtonian coefficients x are plotted in Fig. 2- Fig. 4. These figures
present the functions f, g and f’, respectively, for x equal to 0, 10 and 30.
For k = 0 the flow is Newtonian. An increase in k yields an increase in the
non-Newtonian behaviour. From Fig.2 we conclude that the boundary layer
thickness grows as the non-Newtonian effects increase in magnitude. Figure 3
shows the vertical component of the velocity inside the boundary layer. g(§)
increases when the non-Newtonian effects get intensified.
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Fig. 2. Function f for various values of & (as indicated on the curves)
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Fig. 3. Function g for various values of  (as indicated on the curves)

The shear stress at the boundary is calculated from equation (1.1) using
the coordinate properties and neglecting the small term. The dimensionless
shear stress on the boundary comes out to be

toy = \/% [q%aa—mﬁ + 2kq (66—%)3} o (5.5)
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In terms of the similarity variables, the shear stress is

2

tow = —=|1'(0) + 26(7'0)’] (5.6)

0 2 4 6 8§ 10 12 14 16 18 20
Similarity variable &

Fig. 4. First derivative of f for various values of « (as indicated on the curves)

In equation (5.5), f/(0) is to be read from Fig. 4, which gives
0.

65

v Re
1.00
Loy = E for k=10 and d=1

1.25
vRe

It is evident from the calculations that growing k increases the shear stress
on the boundary.

for k=0 and 6d=1

for r k=30 and /=1

6. Concluding remarks

A different approach to the boundary layer equations of third grade flu-
ids was presented. The geometry of the profile was included as an arbitrary
function in the boundary layer equations which allowed the general ideas to
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be drawn more easily. The second grade effects were negligible compared to
the third grade and viscous effects. By using Lie’s group analysis, we first
found the general symmetries of the partial differential system. Then we redu-
ced the equations to a system of ordinary differential ones via the similarity
transformations. Finally, we solved numerically the resulting ordinary diffe-
rential equations. It occured that the boundary layer got thicker when the
non-Newtonian aspect of the fluid behaviour became more pronounced.
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Rozwigzania podobienstwa ré6wnan warstwy przyS$ciennej cieczy
nieniutonowskiej trzeciego rzedu w specjalnym uktadzie wspoétrzednych

Streszczenie

W pracy przedstawiono dwuwymiarowe réwnania ruchu dla stacjonarnego prze-
plywu cieczy trzeciego rzedu w specjalnym ukladzie wspétrzednych. Rownania wypro-
wadzono na bazie przepltywu potencjalnego cieczy nielekkiej. Przy nielepkim optywie
dowolnego obiektu linie pradu tworza wspdlrzedna ¢, a linie potencjalu predkosci
wspolrzedna 1. Obydwie generuja ortogonalny uklad wspélrzednych krzywolinio-
wych. Przy takim opisie postaé¢ rownan warstwy przysciennej nie zalezy od ksztal-
tu zanurzonego ciala poddanego oplywowi. W pierwszym przyblizeniu zalozono, ze
wyrazenia drugiego rzedu sa pomijalne w stosunku do cztonéw wiskotycznych i trze-
ciego rzedu. Czlony drugiego rzedu uniemozliwiaja transformacje skalowania, bedaca
jedynym przeksztalceniem prowadzacym do rozwiazan podobienstwa cieczy trzeciego
rzedu. W pracy zastosowano metode opartg na grupie Lie’a w generowaniu réwnan
warstwy przysciennej przy pomocy wyrazen infinitezymalnych. Rownania przeksztal-
cono do ukladu réwnan rézniczkowych zwyczajnych. Numeryczne rozwiazanie rownan
nieliniowych uzyskano w drodze kombinacji algorytmu Runge-Kutta i techniki trymo-
wania.
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